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Abstract 

The excessive [m]-index of a graph G, denoted by X[m] (G), * s ^ ne niinimum 
number of matchings of size m needed to cover the edge-set of G. We 
set x[m](G) = oo if such a cover does not exist and we call a graph 
G [m]-coverable if its excessive [m]-index is finite. Obviously x\i\ (G) = 
\E(G)\ and it is easy to prove for a [2]-coverable graph G that X[2](G) = 
max{x'(G), [|-E(G)|/2]} holds, where x'(G) denotes the chromatic index 
of G. The case m = 3 is completely solved by Cariolaro and Fu in [2]. In 
this paper we prove a general formula to compute the excessive [4]-index 
of a tree and we conjecture a possible generalization for any value of m. 
Furthermore, we prove that such a formula does not work for the excessive 
[4]-index of an arbitrary graph. 
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1 Introduction 

Throughout this paper, a graph G always means a simple connected finite graph 
(without loops and parallel edges). 

We use the standard notations V(G),E(G) and A(G) for the vertex-set, edge- 
set and maximum degree of a graph G, respectively. Further, the degree of a 
vertex x G V(G) will be denoted by 5g(x). 

A matching M of G is a set of independent edges of G and we call [m]-matching 
a matching of G of size to. We call a graph [mj-coverable if each edge of G 
belongs to an [roj-matching (for a complete treatment about matching theory 
we refer to the classical book of Lovasz and Plummer [5]). 
The main aim of this paper is the study of the excessive [m]-index of a graph. 
The excessive [m]-index of G is denned in [5] as the minimum number of [m]- 
matchings needed to cover the edge-set of G and denoted by Xr m i(G). (Set 
Xj m ](G) = oo if G is not [mj-coverable.) 
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The particular case m — J — is largely studied, where we are asking for a 
cover of the edge-set with perfect matchings (spanning 1-regular subgraphs). 
In this case the excessive [m]-index is simply called excessive index in [5] and 
perfect matching index in [7] . The author proved in |12[ and |13j how two well- 
known conjectures of Berge, Fulkerson and Seymour (see [8] and [15]) can be 
easily stated in terms of excessive index. Furthermore, some general properties 
and the exact value of the excessive index for some relevant families of graphs 
is studied in various recent papers (see Q],[I3], [B] and [TT]). 
For what concerns small values of m, trivially Xm(G) = |-E(G)| holds and it is 
quite easy to prove that X[2](G) = max {x'(G), [|£'(G)|/2]} holds for each [2]- 
coverable tree, where x'(G) denotes the chromatic index of G. The case m = 3 
is far to be trivial and it is completely solved by Cariolaro and Fu in [3] (see 
Theorem [I}. In this paper we prove a general formula to compute the excessive 
[4]-index of a tree. This formula gives a complete answer to an problem posed 
in [5]. Furthermore, we exhibit a graph (not a tree) for which such kind of for- 
mula does not work. Finally, we conjecture a general formula for the excessive 
[m]-index of any tree (for all values of m) and for the excessive [4]-index of a 
general graph. 



2 Notation and terminology 

In what follows, we will say that a matching M of a graph G can be extended 
to an [m] -matching if there exists an [m]-matching of G which contains M. A 
matching is said to be maximal if it cannot be extended to a larger matching. 
A set J- of [m]-matchings of a graph G such that each edge of G belongs to 
at least one of the [m]-matchings is a [m]-cover of G. An [m]-cover of G is 
minimum if its size is equal to the excessive [m]-index of G. 
The concepts of excessive [m]-index and [m]-cover are strictly related to chro- 
matic index and edge-colorings of a graph. Indeed the chromatic index can be 
defined as the minimum number of matchings, without constraints on the sizes, 
needed to cover the edge-set of a graph. Furthermore, an [m]-cover T of G can 
be viewed as a multicoloring C of the edge-set of G. More precisely, we mean 
that each [m] -matching of J 7 is a color of C and so each edge e £ E(G) receives 
a number of colors equals to the number of [m]-matchings which contain e. We 
will say that C is the multicoloring associated to the [m]-cover T . 
It was useful in [3] and [5] to consider edge colorings whose color classes have 
approximately the same size. The same idea turned up to be useful also in our 
proofs. More precisely, an edge coloring is called equalized if it has the property 
that the difference between the sizes of any two color classes is at most 1. We 
shall often use (without further reference) the following lemma, due to de Werra 
[H)] and (independently) McDiarmid [10] . 

Lemma 1. Let G be a graph. Then G has an equalized edge coloring with x'(G) 
colors. 
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Our main aim is the determination of a formula for the excessive [4]-index 
of a tree. A particular role in our proofs is played by caterpillars. A caterpillar 
is a tree in which there exists a path that contains every node of degree two or 
more. Such a path is called the spine of the caterpillar. We denote a caterpillar 
by CAT(di, . . . , dt), where the path (x\, . . . , Xt) is the spine of the caterpillar 
and di = S(xi) — 2. See Figured] for an example. 

X\ X3 X4 X5 Xg 

' IAI "A" ' 

Figure 1: CAT{1, 2, 1, 0, 3, 0) 



3 Splitting sets 

Let G be an [m]-coverable graph. We call a subgraph S(m) of G a splitting set 
if 

1. no pair of edges of S(m) can be extended to an [m]-matching of G; 

2. S(m) is not a star K\ t for some t. 

The additional condition it) is assumed in order to avoid trivial cases. When 
the cardinality m is clear from the context, we will use the notation S in place 
of S(m). We will denote by s(G) the cardinality of the largest splitting set of 
G. The concept of splitting set was introduced in [4] in order to produce a 
formula for the computation of the excessive [3] -index of an arbitrary graph. 
More precisely, Cariolaro and Fu proved the following theorem. 

Theorem 1 (Cariolaro-Fu (2009)). Let G be a [3}-coverable graph. Then, 
X[ 3] (G) = max{ x '(G), \\E(G)\/3], s(G)} 

The same authors introduce in [5] the notion of [m]-compatible graph, that 
is a graph for which Xr m ](G) = max{x'(G), \\E{G)\/m\}. In particular, they 
prove that all trees are [3]-compatible. 

Theorem 2 (Cariolaro-Fu (2010)). Let G be a [3}-coverable tree. Then, 
X , m (G)=ma*{x , (G),\\E(G)\/3]} 



Furthermore, they construct a tree which is not [5]-compatible and they 
leave open the question about which trees are [4]-compatible. In this paper, we 
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X\ X2 X3 X4 X5 Xl X2 X3 X4 X5 X\ X2 X3 X4 X5 

1 1 1 1 1 Arm a 1 1 1 a 

• • • • • • • • • • • • • • • • • • 

yi yi V3 y, ys yi Yi yi w y*. ys y\ y\ J2 ys y* ys y$ 

Figure 2: The not [4]-compatible trees CAT(0, 1, 1, 1,0), CAT{1, 1, 1, 1,0) and 
CL4T(l,l,l,l,i). 

give an answer to this question in a very strong sense by proving that there are 
exactly three [4]-coverable trees which are not [4]-compatible (see Figure [5]). 

Since our main result concerns trees, we need to establish some general 
properties of splitting sets of an [m]-coverablc tree. 

Lemma 2. Let T be an [m]-coverable tree. Let S be a splitting set ofT. Then, 
5 T (x)>5 s (x),Vx€V(S). 

Proof. Suppose Sg(x) = 5s(x) holds for a vertex x of S. Let {ei,e2} be a 
[2]-matching of S such that is incident to x (such a [2]-matching does exist 
since S is not a star). The graph G is [m]-coverable, so e\ belongs to an [m]- 
matching, say F = {ei, /2, . . . , f m }, of G. Note that fa £ E(S) for i = 2, . . . , m, 
since S is a 2-splitting set. If e2 is adjacent to an edge fi, then {F\ {/;}} U {e2} 
is an [m]-matching of G containing two edges of S, a contradiction. On the 
other hand, if e-i is independent by each edge fi, then {F \ {/2H U {62} is still 
an [m]-matching of G containing two edges of S, a contradiction again. □ 

Lemma 3. Let T be an [m]-coverable tree. Let S be a splitting set ofT. Then, 
\E(S)\<m. 

Proof. Suppose | E(S) \ > m+l, then |V(5)| > m+2. Denote by {zi, x\ V (S)\} 
the vertex set of S, and without loss of generality we suppose [xi, X2],[xs, X4] 
being two independent edges of S. Let be a vertex of V(T) \ V(S) adjacent 
to Xi. The set {U^ 5 ''' [xi, yi]} U {[xi,^]) [^3^4]} is an [m]-matching of T con- 
taining two edges of S, a contradiction. □ 



4 The excessive [4] -index of a tree 

In what follows we will make large use of Lemma HI This lemma is just a 
particular case of a more general result proved in [3] . We repeat its proof in our 
particular context for reader's convenience. 

Lemma 4. Let J- = {F±, . . . , F s } be a set of matchings of G such that 
1. each edge of G belongs to an element of JF , 
*■ El=il^l=4s. 
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Then, there exists a [4] -cover of G of size s. 

Proof. Suppose T is not a [4]-cover of G, then there exist two matchings 
Fi and Fj such that \Fi\ < 4 < \Fj\. Consider the subgraph Fi U Fj, i ^ j, of 
G: a connected component of Fi U Fj is either a path or a cycle of even length 
(eventually a single edge belonging both to F, and Fj). In the latter case the 
connected component of Fi U Fj has the same number of edges of Fi and Fj. 
Then, by < 4 < \Fj , there exists at least a connected component consisting 
of a path P of odd length starting and finishing with edges of Fj . The exchange 
of edges in P increases once \Fi\ and decreases once \Fj\. The iteration of this 
process furnishes a [4]-cover of G of size s. □ 

Lemma 5. Let T be an [m]-coverable tree. If T' is a tree such that V(T') — 
V(T)U{y} andE{T) = E(T)U{[x,y}} where x e V(T), thenT' is [m]-coverable 
and X [ m] (T')< X [ m] (T) + l. 

Proof. Let e\ be an edge of T incident x. Since T is [m]-coverable e\ belongs 
to at least an [mj-matching, namely {ei, e2, . . . , e m }, of T. We add the [m]- 
matching {[x, y], e2, . . . , e m } to an [m]-cover of T thus obtaining an [m]-cover of 
T" of size x'[ m ](T) + 1, as required. □ 

We prove in Theorem [3] that each tree having a [4]-compatible subtree is 
itself compatible. Note that this property is false in general for an arbitrary 
graph, for instance the Petersen graph minus an edge is [5] -compatible but the 
Petersen graph is not. 

Theorem 3. Let T be a [4] -compatible tree. Each tree having T as a subgraph 
is [4]-compatible. 

Proof. Let T' be a tree such that V(T') = V(T) U {y} and E(T') = 
E(T) U {[x, y}}, where x s V(T). In order to prove that T" is [4]-compatible we 
distinguish three cases, according that l-^C^vl j s i esS; equal or greater than A(T), 
respectively. In what follows T will always denote a minimum [4]-cover of T 
and C the multicoloring of T arising from T. Consider the case < A(T). 

Since T is [4]-compatible it follows x[ 4] (T) = A(T). If S T (x) = A(T), then 
A(T') = A(T) + 1. By Lemma[Sl we have x| 4] (T') < X ' [4] (T) + 1 = A(T) + 1 = 
A(T'), that is xf 4] (T') = A(T'). If 6 T {x) < A(T), then A(T') = A(T). Since 

i^^J < A(T), there exists at least an edge / of T receiving more than one 
color of C. Denote by c\ one of the colors of /. If x is an end- vertex of /, then 
we can replace in the [4]-matching c\ the edge / with the edge [x, y], producing 
a [4]-cover of T" of size A(T'). If all the edges incident x have just one color of 
C, then, by St(x) < A(T) = ^(T), there exists a [4]-matching c not covering 
x. Remove the edge / by the [4] -matching c\ and add the edge [x, y] to the 
[4] -matching c. That produces a cover of T' satisfying the conditions of Lemma 
01 Hence, there exists a [4] -cover of T 1 of size A(T'). 

Consider the case = A(T). Since T is [4]-compatible it follows x{AT) = 
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A(T) = r^r^l- If S T (x) = A(T), then A(T') = A(T) + 1. By Lemma 
we have X [ 4] (T') < X [ 4] (T) + 1 = A(T) + 1 = A(T'), that is X ( 4] (T') = A(T'). 

If J T (a:) < A(T), then > A(T'). Hence, by Lemma 4 in g], T' is [45- 
compatible. 

Finally, consider the case " E 4 T - ) > A(T). Since T is [4] -compatible it fol- 
lows X [ 4] (T) = \ l - m p-^■ If 8 T {x) = A(T), then A(T') = A(T) + 1 and 

|£(T')| = \E(T)\ + 1. If \E{T)\ = (mod 4) holds, then \^p-^ > A(T'). 
Hence, by Lemma 4 in 4 , T' is [4] -compatible. 

If |25(T)| ^ (mod 4), then there exists an edge of T having more than one 
color of C and we can use exactly the same argument already used in the case 
lj£QJ < A(T) and St(x) < A(T). This concludes the proof of the proposition. 
□ 



Lemma 6. Let T be a [A]-coverable tree of diameter at least seven. Then T is 
[4]- compatible. 

Proof. Let T be a tree of diameter greater than 7, that is T has a path of 
length 8 as subtree. Since a path of length 8 is a [4]-compatible tree, it follows T 
is [4]-compatiblc from Proposition^ From now on, we can assume the diameter 
of T equals to 7. 

Let {xq,x\, . . . ,£7) be a 7-path P in T. If T is not a caterpillar then it con- 
tains one of the two trees of diameter 7 in Figure El Since both of them are 
[4]-compatible, it follows from Theorem [3] that T is [4]-compatible. 



23 
It 

1 



i I i I 



Figure 3: Two [4]-compatible trees of diameter 7. 



Assume that T is a caterpillar CAT{di, . . . , with spine (x%, . . . , xq). Sup- 
pose that exactly one di is greater than 2 and we can assume, up to symmetry, 
i = 1, 2, 3. If d\ > 2 (or d 2 > 2), then [xi, £2] does not belong to a [4]-matching 
of T. If c?3 > 2, then [0:3, £4] does not belong to a [4]-matching of T . Anyway T 
is not [4]-coverable. 

Then there are at least two di's greater than 2. If d\ > 2 and dj > 2, for some 
j, then T is not [4]-coverable. If c?2 > 2 and cLt > 2, then [xi,a:2] does not 
belong to a [4] -matching. Finally, if c?3 > 2 and d± > 2, then [£3,2:4] does not 
belong to a [4]-matching of T and T is not [4]-coverable again. That leaves just 
two cases: d 2 > 2, 1^3 > 2 and d 2 > 2,d$ > 2. Then T contains one of the two 
[4] -compatible caterpillars of Figure 01 hence T is [4] -compatible from Theorem 

m 
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23T F 23J T13 

Figure 4: Two [4] -compatible caterpillars of diameter 7. 



In the same way one can check that if a caterpillar T does not contain the two 
caterpillars in Figured and it has either three or four d^s greater than 2, then T 
is not [4]-coverable. Finally, if five d^s are greater than 2, then T contains one 
of the caterpillars in Figure[4] hence it is [4]-compatible from Proposition^ □ 

In the following proofs we will use the fact that all trees in Figure [5] are 
[4]-compatible (for each tree we exhibit a [4]-cover which uses a number of [4]- 
matchings equals to the maximum degree of the tree). 
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Figure 5: Six [4]-compatible trees. 



Lemma 7. Let T be a tree having the caterpillar CAT(0. 1,1,1,0) as a subgraph. 
Then, 

X [ 4] (T) =max{A(T), \\E(T)\/4] , s(T)}. 

Proof. First of all, we prove that the excessive [4] -index of the three cater- 
pillars CAT(0, 1, 1, 1, 0), CAT(1, 1, 1, 1, 0) and CAT(1, 1, 1, 1, 1) is equals to 4, 
that is exactly the cardinality of their largest splitting set. Let (xi, . . . , x§) 
be the spine of CAT(0, 1, 1, 1, 0) and let yi be the further vertex adjacent to 
Xi, for i = 1,...,5 (see Figure [5]). It is an easy check that the set of edges 
{[xi,X2], [x2,X3], [^3,^4], [24, £5]} is a splitting set of size four for the caterpil- 
lar. On the other hand, a [4]-cover of CAT(0, 1, 1, 1, 0) is given by the following 
four [4]-matchings 

{[x l; x l+ i]}U |J {[xj,Vj]}, 
3 + i 
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for i = 1,2, 3, 4. The same argument can be easily adapted to obtain the same 
result for CAT{\, 1, 1, 1, 0) and CAT(1, 1, 1, 1, 1). 

Let x be an arbitrary vertex of CAT(0, 1,1,1,0). Now we prove that each tree 
T obtained by adding a new vertex z and the edge [x, z] to CAT(0, 1, 1, 1, 0) is 
either [4]-compatible or it is the caterpillar CAT(1, 1,1,1,0): if x = y\ (x — 2/5), 
then T has diameter 7 and it is [4] -compatible from Lemma [HI 
if x = 2/2 (x = Hi), then T contains the graph m) in Figure [5l hence it is [41- 
compatible from Theorem O 

if x = J/3, then T contains the graph iv) in Figure O hence it is [4] -compatible 
from Theorem [31 

if x = X2 (x — X4), then T contains the graph vi) in Figure [5l hence it is In- 
compatible from Theorem [3l 

if x = X3, then T contains the graph in) in Figure [5l hence it is [4] -compatible 
from Theorem [3] 

Finally, if x = x\ (x — £5), then T is the caterpillar CAT(1, 1, 1, 1, 0). We 
can repeat exactly the same argument starting from CAT(l, 1, 1, 1,0) and we 
obtain that each tree which contains (L4T(1, 1, 1, 1, 0) is either [4] -compatible 
or it is the caterpillar CL4T(1, 1, 1, 1, 1). Repeating again the same argument 
we obtain that each tree which contains CAT(1, 1, 1, 1, 1) is [4]-compatible and 
the assertion follows. □ 

Theorem 4. Let T be a [4}-coverable tree. Then, 

X ' [4] (T) =max{A(T), \\E(T)\/4] , s(T)}. 

Proof. We can suppose [ I^^OI ] < A(T), otherwise T is [4] -compatible by 
Lemma 4 in [4] and the relation x'w(T) = max{A(T), r^^]} holds. 
Suppose the existence of a maximal matching of T of cardinality 2. Hence, all 
edges of T are incident with an edge of this [2]-matching and so T is not [4]- 
coverable, a contradiction. On the other hand, if all maximal matchings have 
cardinality at least 4, then (T) = A since each color class of any equalized A- 
coloring of T (see Lemma|T| has cardinality at most 4 and all color classes of car- 
dinality less than 4 can be extended to a [4]-matching of T. So we can assume the 
existence of a [3]-matching, say F = {ei = [xi,yi],e 2 = [^2,2/2], e 3 = [2:3,2/3]}, 
such that each edge of T is incident with an edge of F. There are seven possible 
cases, up to symmetry, to connect the edges of F, as illustrated in Figure |U In 
the figure the edges of F are the three vertical edges. 

To complete our task we have to prove, for each of the seven cases presented, 
that either T is [4]-compatiblc or T contains the subgraph CAT(Q, 1, 1, 1,0). 

• Case I : If just one of the vertices t/, has degree greater than one in T, then 
the corresponding edge [xi,yi\ does not belong to a [4]-matching of T, a 
contradiction since T is [4]-coverable. Then, we can assume that at least 
two of the vertices yi have degree greater than two in T, so we have three 
subcases: 
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Figure 6: The seven possible cases in the proof of Theorem 2J 

- 5t{vi) > 1, S T (y 2 ) > 1, S T (y 3 ) = 1: 

if 5t{xi) = 2, then [x2, 2/2] does not belong to a [4]-matching of T, 
a contradiction; if St(x2) — 3, then [2:1,2/1] does not belong to a 
[4]-matching of T, a contradiction again. Hence, we have 5t(xi) > 
2,5t(x2) > 3 which implies T has the tree v) of Figure [5] as a sub- 
graph. By Theorem [3] T is [4]-compatible. 

- S T (yi) > 1, M2/2) = 1, S T (y 3 ) > 1: 

if 5t{x\) — 2 {5t{x 3 ) — 2), then [£2,2-3] ([^1,^2]) does not belong 
to a [4]-matching of T, a contradiction. Hence, T contains the tree 
CAT(0, 1, 1, 1, 0) as a subgraph, by Lemma[7]the formula holds. 

- $t(vi) > 1, <5t(j/2) > 1, M2/3) > 1: 

if 5t{xi) — St{xz) = 2, then [x2, J/a] does not belong to a [4]-matching 
of T, a contradiction. Without loss of generality we can suppose 
St(xi) > 2. Hence, T contains the graph iv) of Figure[Sl by Theorem 
[3]T is [4] -compatible. 

• Case II : If St(vi) = ^(2:3) = 1, then [2:2,2/2] does not belong to a [4]- 
matching of T, a contradiction. If St{hi) > 1 and ^(2:3) > 1, then T 
has diameter at least 7, so it is [4]-compatible by Lemma |6] Without 
loss of generality, we can suppose 8t{hi) > 1 and 5t(x3) = 1. We have 
<5t(2;i) > 2 and ^(2:2) > 2 otherwise [2/2,2/3] does not belong to a [4]- 
matching of T. Furthermore, St(jJ2) > 2 otherwise [x\, X2] does not belong 
to a [4]-matching of T; hence, T has CAT(0, 1, 1, 1, 0) as subgraph and by 
Lemma [7] the formula holds. 

• Case HI : If exactly one of the vertices yi has degree greater than one in 
T, then the corresponding edge [xi,2/i] does not belong to a [4]-matching 
of T, a contradiction. We have three subcases: 

- 5t{vi) > 1, M2/2) > 1 and 8 T {ys) = 1: 

T contains the graph m) of FigureJSJ by Theorem|3]T is [4]-compatible. 
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- S T (yi) > 1, 5 T {y 2 ) = 1 and S T {y3) > 1: 

T has diameter at least 7, by Lemma [6] T is [4]-compatiblc. 

- 5 T (yi) = 1, M2/2) > 1 and ^(2/3) > 1: 

if <5t(£3) = 2, then the edge [^2, 2/2] does not belong to a [4]-matching 
of T, a contradiction. Hence, 8t{xz) > 2 and T contains the graph 
iv) of Figure [SJ by Theorem [3] T is [4]-compatible. 

• Case IV : If both vertices 23 and y\ have degree one in T, then the edge 
[^2,2/2] does not belong to a [4]-matching of T, a contradiction. Hence, T 
has diameter at least seven and by Lemma [6] T is [4]-compatible. 

• Case V : If just one of the vertices has degree greater than one in T, 
then the corresponding edge [x i: yi} does not belong to a [4]-matching of 
T, Without loss of generality, we can suppose <5t(j/i) > 1. Hence, T has 
diameter at least seven and by Lemma [5] it is [4]-compatible. 

• Case VI : T has diameter at least 7 and by Lemma [5] it is [4]-compatible. 

• Case VII : If just one of the vertices t/j has degree greater than one in T, 
then the corresponding edge [xi,yi] does not belong to a [4]-matching of 
T, a contradiction. Without loss of generality, we can suppose 6t(vx) > 1 
and St{y2) > 1. If Sriys) > 1 holds then T contains the [4]-compatible tree 
i) of Figured] and T is [4]-compatible by Theorem [3] If 5t(j/s) = 1 5 then 
at least one between x\ and 22 has degree greater than 2 in T, otherwise 
T is not [4]-coverable. In both cases, T contains the [4]-compatible tree 
iv) of Figure [5j and T is [4]-compatible by Theorem [3l □ 

The proof of the previous theorem furnish also the complete list of all trees 
which are not [4]-compatible. 

Corollary 1. The caterpillars CAT(0, 1, 1, 1, 0),CAT(1, 1, 1, 1, 0) andCAT(l, 1, 1, 1, 1) 
are the unique not [A]- compatible trees. 

5 Final remarks and conjectures 

Note that Theorem [4] cannot be generalized to the entire class of [4]-coverable 
graphs. Consider the graph G in Figure [7] It has A(G) = x'{G) = 6, 
[|£7(G)|/4] = [21/4] = 6 and s(G) = 3 (the largest splitting set is a circuit 
of length 3). On the other hand, each [4] -matching of G contains at most two 
edges in the clique of size six of G. Hence, Xr 4 i(G) > f 15/2~| = 8. It is possible 
to verify that G admits a [4]-cover of size 8, that is Xf4](C) = 8. 

The same idea can be used to prove that an analogous formula does not 
work to compute the excessive [5]-index of all trees. Consider the caterpillar 
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Figure 7: A graph for which the formula in Theorem 2] does not hold. 



K = CAT(0, 1, 1, 1, 1, 1,0). Each [5]-matching shares at most two edges with 
the spine of K. Since the spine has seven edges, we have x'\$\{K) > [7/2] = 4, 
but it is easy to check that max{x'(K), \\E(K)\/5~\ , s(K)} = max{3, 3, 1} = 3. 

These examples suggest a natural generalization of the concept of split- 
ting set. Let G be an [m]-coverable graph. We call a subgraph 5'(m) of G 
a t-splitting set if i) no [t + l]-matching of 5*(m) can be extended to an [m]- 
matching of G; it) 5*(m) has a [t + l]-matching. We will denote by s t (G) the 
cardinality of the largest ^-splitting set of G (for a fixed m) . 

It is straightforward that a 1-splitting set is exactly a splitting set previously 
defined and s(G) — s 1 (G) holds. With this new concept in our hands, we 
propose the following conjectures: 

Conjecture 1. LetT be an [m]-coverable tree. Then, 

X [ m] (T) =max{ X '(T), \\E(T)\/m], s\T), \s 2 (T)/2] , . . . , \s m -\T)/m 1] }. 

Conjecture 2. Let G be a [A]-coverable graph. Then, 

X [ 4] (G) = max{ x '(G), \\E(G)\/4], s 1 (G), \ S 2 {G)/2\, \ S "{G)/i\}. 

We would like to stress that the natural generalization of the second conjec- 
ture to the case m = 5 is not possible due to the Petersen graph. 

A possible way to attack the first conjecture is the idea that ^-splitting sets 
of a tree should be not very large (respect to m) . Theorem [3] can be easily 
generalized to arbitrary values of m and so the following corollary holds. 

Corollary 2. Let T be an [m]-coverable tree. If diam(T) > 2m, then T is 
[m]- compatible. 

Proof. The path of length 2m is [m]-compatible. 
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